As a theoretical basis of the decoupled cell Monte Carlo simulation (DCM) for quantum systems, it is proved that the error caused in the transition probabilities of the simulation by decoupling the cell with radius 1J is at most of the order of f3V+l in the limit of f3=l/kT~O. Relative merits of DCM and the Trotter method are discussed.
As a direct extension of the Metropolis method l ) for classical systems., the decoupled cell Monte Carlo method (DCM) has been proposed,2) and successfully applied 3 )-5) to generate a canonical distribution of a quantum spin system with Hamiltonian:
(1) (i,i) where 3{ ij= -(1/2)~fa(j nil, (2) a (j / is the a-component of the Pauli spin operator of the ith site, fa is the a-coupling constant (a=x, y, z; i=l, 2, "', N), and the summation in (1) is ovdr all possible nearest neighbor pairs <i, j>. However, no a priori justification has been given as to the accuracy of DCM. In this paper we give a theortical basis of DCM by proving some theorem and lemmas.
In the Metropolis method, a required probability distribution is generated as the limit distribution of a Markov chain. This Markov chain can be anyone so long as (i) the transition probability W(S --> S') from state S to state S' satisfies the condition of detailed balance: (3) and (1i) the Markov chain is irreducible and recurrent. Here, peS) is the probability of S in the required distribution.
pes) W(S--> S')=P(S') W(S' --> S)
In the above quantum spin system, the state of the ith site can be specified by a variable O"iE{I, -I}, and the state of the total system by an N-dimensional vector S=(O"l, 0"2, "', O"N) whose ith component is O"i. Namely, for a given direction cosines (I, m, n) of the quantization axis, we take a representation in which the following spin operator is diagonal:
Since the eigenvalue 6i of iJ i is either 1 or -1, and the spin operators of different sites commute, the above specification of states is legitimate. The probability of 5 in the canonical distribution is now given by (f3=l/kT) (5) As in the classical Metropolis method, the condition (ii) is satisfied by giving positive transition probabilities between states that are different from each other only at one site i(i = 1, 2, "', N). The problem in quantum case is how to obtain adequate transition probabilities consistent with (i). In the following we study it fixing our attention on a particular site i.
Let L/ lI ) be a set of sites whose distance from the ith site does not exceed a certain integer v, and let L/lI) be a set of all sites which does not belong to Li(lI).
Here, the distance between a pair of sites is defined as the smallest number of nearest-neighbor steps needed to reach the one site from the other. We call such L/ lI ) the decoupled cell of radius v with center at the ith site, and D(lI) its outer part. Let 5i denote the state of L(lI) excepting the ith site and let !{ denote the state of D(lI).
The state of the total system can then be represented as 5=(6i, 5 i, SJ The transition probabilities between 5=(1, 5i, S;) and 5'=( -1, 5i, Si) can be obtained through (3) if one knows the value of
Let ~ /lI) be the Hamiltonian of the decoupled cell L(lI) which is obtained from ~ in (1) by deleting all the terms containing operators of D(lI). Thus, all the operating sites of~/lI) belong to L/ lI ). We define:
In the Ising case in which jx=jy=O, and l=m=O we have exactly q(5)=q(l)(5i), so that q(5) is a function only of 5i, and is independent of Si. This simplicity has made the classical Metropolis method very practical. For general cases in which ~ /lI) does not commute with ~, q(lI)(5i) does not coincide with q(5). However, it is conjectured that for V--->OO, the former tends to the latter, and that the latter can be well approximated by the former with finite v, if the temperature is not very low. The DCM was introduced on the basis of this conjecture, and its applicability was empirically tested 3 ) by comparing the result of Monte Carlo simulation for onedimensional XY-model with the known rigorous analytical result. As a theoretical basis of this approximation we prove the following proposition, Proposition In the limit of f3 ---> 0, we have
This proposition is derived as a collorary of the theorem in the following.
We define the distance of any operator A from the ith site by the minimum distance between the operating sites of A and the ith site, and denote it by a symbol For the Hamiltonian j( of (1) we define Using this theorem for A=I, and noting (10), we have
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-a 6; 6;, ; e 6i, i ; e ' ;.
Remembering (6) and (7), we obtain in view of (12) , which is our proposition.
(12)
Our theorem can be proved through the following lemmas, the proofs of which will be given later. .9{m-IB> is independent of (Ji. Therefore, (17) must be true also for n = m. Q.E.D.
In view of the course of the above proofs, j{ ij need not be specified in a particular form as (2), nor by spin operators, in order to get our proposition. The only essential property of {j{ii} is that operators of separate sites do commute; thence some generalization of our claims is straightforward. It is also to be noted that the symbol x=O«(:ln) used above is the Landau symbol meaning that x/(:ln is finite in the limit of (:l ~ O. Therefore, according to our proposition the actual error in the transition probabilities caused by the decoupled cell of radius )J could even be smaller than the order of (:lJJ+1. Before the introduction of DCM, so-called Trotter method had widely been used 6 ), 7) for Monte Carlo simulation of quantum spin systems. By supplementing a fictitious dimension and fictitious lattice sites the factorization of representatives of efJ .9{ in a given representation can approximately be achieved, through which the transition probabilities for Monte Carlo simulation are calculated. However, factors thus obtained are not necessarily positive, so that special care must be taken according as the type of the Hamiltonian and as the quantization axis.
DCM also bases on the approximate factorization as represented in proposition. However, the factorization in DCM is done according to the site at which the transition of states may take place in the course of simulation. For carrying out Monte Carlo simulation, the adequate transition probabilities are needed, but the factorization need neither be symmetrical nor fixed as in the Trotter method. Allowing for 'floating factorization' but sticking to the Hamiltonian system, we get transition probabilities which are always non-negative. Here, we need not worry about the type of the Hamiltonian, nor about the direction of the quantization axis. We need not be troubled by the complexity caused by the augmented dimensionality, too.
A common problem inherent both in the Trotter method and DCM is that the number of lattice sites either in the fictitious dimensions or in the decoupled cell must be increased as the temperature decreases in order to get adequate transition probabilities. In the actual simulation by DCM we have calculated transition probabilities by solving the eigenvalue problem for j{ /JJ) by computer without introducing particular approximation. Then, the calculation soon becomes unfeasible as the size of the decoupled cell increases. However, in view of our proposition, the calculation of q(JJ)(Si) need not be so exact: Errors of the order of (:lJJ+1 may be allowable. Whether the introduction of such approximation can actually remedy the above difficulty is yet to be seen.
